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Abstract
The idea of standard co-ordinates in three-dimensional affine space is defined, by way of the
Standard tetrahedron. By performing an affine map on a general tetrahedron, we may replace the
study of a general tetrahedron over a specific metrical structure to the study of a specific tetrahedron
over a general metrical structure. Using the framework of Wildberger’s rational trigonometry as
well as the definitions of generalised scalar and vector products in the author’s previous work, we
will compute the various trigonometric invariants associated to the Standard tetrahedron, with
the purpose of proving some more complicated results which are difficult to prove without this
mechanism.
1 Introduction
The idea of using standard co-ordinates and a variable quadratic form to study general triangle
geometry and trigonometry started out in [16] and continued in [1], where a novel definition of a
parabola was established in the context of universal hyperbolic geometry, as set out in [13], [14] and
[15]. The papers [5] and [6] builds on this idea by defining a Standard triangle in two-dimensional
affine space over a general field not of characteristic 2, denoted by A2, to be a triangle whose points
are [0, 0], [1, 0] and [0, 1]; with this triangle, any triangle in A2 will be the result of an affine map on
this Standard triangle, and vice versa. The idea here is to replace the study of a general triangle over
a specific quadratic form with the study of a specific triangle over a general quadratic form.
In this paper, we will start to use this idea to define a Standard tetrahedron in three-dimensional
affine space over a general field not of characteristic 2, with the purpose of building on the results of
[8] and [9] to derive more difficult new results and prove them using this new tool. Our main starting
point is the framework of rational trigonometry from [17], where quadrances and spreads respectively
replace the classical notions of distances and angles, so that we may be able to generalise the usual
results of Euclidean geometry to a general metrical structure over an arbitrary field.
We start with a summary of metric affine geometry, inspired by [11] but extended to three dimen-
sions. Our focus here is to summarise the tools and definitions that have been set up in [8] and [9],
so that the results we require may be stated without proof. Specifically, we will define the generalised
1
scalar and vector products of two vectors, as per [8], and set up the framework for three-dimensional
affine geometry and rational trigonometry, as per [9].
Then, we will define the Standard tetrahedron, the fundamental object in this paper. To sum-
marise, we can do this by considering an affine map from a general tetrahedron in three-dimensional
affine space to a specific tetrahedron with points
[0, 0, 0] , [1, 0, 0] , [0, 1, 0] and [0, 0, 1] .
If we equip the three-dimensional affine space with a non-degenerate symmetric bilinear form, this
affine map will induce a new non-degenerate symmetric bilinear form; this allows us to study a specific
tetrahedron over a general metrical structure instead of a general tetrahedron over a specific metrical
structure.
We will also compute the trigonometric invariants associated to the Standard tetrahedron, so that
we may be able to prove two results with complicated, computationally-intensive proofs. Our first
result is classically inspired by [10] and proven in detail in [7]; it relates the rational analog of the
areas of the triangles of a tetrahedron to the spreads between any two triangles of it, though we will
provide such a result in the rational trigonometric setting.
We conclude our discussion with the presentation of the second result, based on a classical result
of [10], which relates all six spreads between any two triangles of a tetrahedron to each other; the
proof of this result is best approached through the use of a powerful computer package, as it involves
polynomials of high degrees.
2 Metric affine geometry in three dimensions
We start with a review of [8] and [9], and consider a three-dimensional vector space, denoted by V3,
over an arbitrary field F with char (F) 6= 2, which consists of row vectors
v =
(
x y z
)
.
2.1 Scalar and vector products over a general metrical framework
Equip V3 with a non-degenerate symmetric bilinear form which is represented by an invertible 3 × 3
matrix B, so that we may define this non-degenerate symmetric bilinear form by
v ·B w ≡ vBw
T
for two vectors v and w in V3, and we will call this the B-scalar product of v and w. The combination
of a non-degenerate symmetric bilinear form with a vector space, which thus forms an inner product
space, forms the core of our discussion on metric affine geometry, to be presented later.
We may use the B-scalar product to obtain an associated B-quadratic form on V3, which we
define for a vector v in V3 by
QB (v) ≡ v ·B v
2
and call it the B-quadrance of v. Furthermore, we say that v is B-null precisely when QB (v) = 0
and that two vectors v and w in V3 are B-perpendicular precisely when v ·B w = 0.
We now define the B-vector product of two vectors v ≡
(
v1 v2 v3
)
and w ≡
(
w1 w2 w3
)
in V3 by
v ×B w ≡ (v × w) adjB
where
v × w ≡
(
v2w3 − v3w2 v3w1 − v1w3 v1w2 − v2w1
)
is the Euclidean vector product of v and w (see [4, p. 65]) and adjB denotes the adjugate or adjoint
matrix of B (see [3, pp. 76-89] and [12, p. 248]).
2.2 Scalar and vector triple and quadruple products over a general metrical frame-
work
The operations of B-scalar products and B-vector products can then be combined to define four
interesting expressions involving vectors v1, v2, v3 and v4 in V
3:
• B-scalar triple product:
[v1, v2, v3]B ≡ v1 ·B (v2 ×B v3)
• B-vector triple product:
〈v1, v2, v3〉B ≡ v1 ×B (v2 ×B v3)
• B-scalar quadruple product:
[v1, v2; v3, v4]B ≡ (v1 ×B v2) ·B (v3 ×B v4)
• B-vector quadruple product:
〈v1, v2; v3, v4〉B ≡ (v1 ×B v2)×B (v3 ×B v4) .
The properties of these operations, which are generalisations of results found by Binet, Cauchy,
Jacobi and Lagrange, may be found in [8] with detailed proof. We may refer to them when required.
2.3 Three-dimensional affine geometry
In what follows, we will now consider the three-dimensional affine space over an arbitrary field F,
denoted by A3, where V3 is its associated vector space. Here, the primary objects of A3 are triples
enclosed in rectangular brackets, e.g. A = [x, y, z], which we call points. While addition of points is
not well-defined (as opposed to addition of vectors), the affine difference B − A, for points A and B
in A3, is usually symbolised by the vector
−−→
AB, which is the vector from A to B. We will employ a
metric affine structure on A3 by defining the B-scalar product as above on its associated vector space
V
3.
3
In A3, we will define a line to be a pair (A, v) containing a point A in A3 and a vector v in V3, so
that a point X lies on it precisely when there exists a number λ in F such that
X −A =
−−→
AX = λv.
Two lines (A1, v1) and (A2, v2) are equal precisely when v1, v2 and
−−−→
A1A2 are all linearly dependent.
We say that the vector v is a direction vector for the line (A, v). Given two points X1 and X2
both lying on a line, we can express such a line by X1X2, so that the lines X1X2 and Y1Y2 are equal
precisely when Y1 and Y2 both lie on the line X1X2 and vice versa.
Furthermore, we define a plane in A3 to be a triple (A, v,w) containing a point A in A3 and two
linearly independent vectors v and w in V3, so that a point X lies on it if there exists numbers λ and
µ in F such that
X −A =
−−→
AX = λv + µw.
In other words, the vector
−−→
AX is a linear combination of v and w, so that two planes (A1, v1, w1) and
(A2, v2, w2) are equal when any of v1, v2, w1, w2 and
−−−→
A1A2 are linear combinations of any other two
of these; the vectors v and w are then spanning vectors for the plane (A, v,w). We associate to a
plane in A3 a B-normal vector n in V3 so that any two points X and Y in A3 lying on the plane
satisfy
(Y −X) ·B n =
−−→
XY ·B n = 0.
A plane in A3 with three points X, Y and Z will be denoted by XY Z, with two planes X1Y1Z1 and
X2Y2Z2 being equal precisely when X2, Y2 and Z2 lie on X1Y1Z1 and vice versa.
We then define a triangle in A3 as a set of three points in A3, say {A1, A2, A3}, and is de-
noted by A1A2A3. Such a triangle determines two vector triangles [8]
{−−−→
A1A2,
−−−→
A2A3,
−−−→
A3A1
}
and{−−−→
A1A3,
−−−→
A3A2,
−−−→
A2A1
}
, where the vectors in the vector triangle sum to 0. By defining vij ≡
−−−→
AiAj for
any integer i and j between 1 and 3, we denote these vector triangles respectively by v12v23v31 and
v13v32v21.
Finally, we define a tetrahedron in A3 as a set of four points in A3, say {A0, A1, A2, A3}, and is
denoted by A0A1A2A3. A subset containing any two distinct points of a tetrahedron will be called an
edge of the tetrahedron, and a subset containing any three distinct points of a tetrahedron will be
called a triangle of the tetrahedron. Associated to each edge and triangle of a tetrahedron is the line
and plane (respectively) that passes through the collection of points of the tetrahedron; we will call
these the lines and planes of the tetrahedron.
2.4 Affine rational trigonometry in three dimensions
We will present a quick summary of the definitions of various trigonometric invariants from [9] that
we can associate to a general tetrahedron A0A1A2A3 in A
3.
The B-quadrance between two points A1 and A2 in A
3 is the number
QB (A1, A2) ≡ QB
(−−−→
A1A2
)
=
−−−→
A1A2 ·B
−−−→
A1A2.
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Note that QB
(−−−→
A1A2
)
= QB
(−−−→
A2A1
)
, so that the B-quadrance between two points in A3 is indepen-
dent of the ordering of points.
Define Archimedes’ function [17, p. 64] as
A (a, b, c) ≡ (a+ b+ c)2 − 2
(
a2 + b2 + c2
)
so that we also have
A (a, b, c) = 4ab− (a+ b− c)2
= 4ac− (a+ c− b)2
= 4bc− (b+ c− a)2 .
For a triangle A1A2A3 with B-quadrances
Q1 ≡ QB (A2, A3) Q2 ≡ QB (A1, A3) and Q3 ≡ QB (A1, A2)
the B-quadrea of A1A2A3 is the number
AB
(
A1A2A3
)
≡ A (Q1, Q2, Q3) .
By the definition of the B-quadrance, this is also equal to AB (v12v23v31) and to AB (v13v32v21). So,
the B-quadrea of a triangle is simply the B-quadrea of either of its two associated vector triangles.
The B-quadrume of a tetrahedron A0A1A2A3 is the number
VB
(
A0A1A2A3
)
≡
4
detB
[−−−→
A0A1,
−−−→
A0A2,
−−−→
A0A3
]2
B
.
By the linearity of the B-scalar triple product, this will be unchanged if we base the vectors at another
point, for example [−−−→
A0A1,
−−−→
A0A2,
−−−→
A0A3
]2
B
=
[−−−→
A1A0,
−−−→
A1A2,
−−−→
A1A3
]2
B
.
Given two lines l1 and l2 in A
3 with respective direction vectors v1 and v2, we define the B-spread
between them as
sB (l1, l2) ≡ 1−
(v1 ·B v2)
2
QB (v1)QB (v2)
.
Lagrange’s identity [8] allows us to rewrite this as
sB (l1, l2) =
QB (v1 ×B v2)
(detB)QB (v1)QB (v2)
.
Given two planes Π1 and Π2 in A
3 with B-normal vectors n1 and n2 respectively, we define the
B-dihedral spread between them to be
EB (Π1,Π2) ≡ 1−
(n1 ·B n2)
2
QB (n1)QB (n2)
.
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This is clearly independent of the rescaling of B-normal vectors. The B-dihedral spread can also be
rewritten using Lagrange’s identity [8] as
EB (Π1,Π2) =
QB (n1 ×B n2)
(detB)QB (n1)QB (n2)
.
We may also define
CB (Π1,Π2) ≡ 1− EB (Π1,Π2)
to be the B-dihedral cross between Π1 and Π2.
Take three concurrent lines l1, l2 and l3 in A
3 with respective direction vectors v1, v2 and v3. We
define the B-solid spread between them as
SB (l1, l2, l3) ≡
([v1, v2, v3]B)
2
(detB)QB (v1)QB (v2)QB (v3)
.
We can also construct three lines k12, k13 and k23 with respective direction vectors
n12 ≡ v1 ×B v2, n13 ≡ v1 ×B v3 and n23 ≡ v2 ×B v3
so that all six lines are concurrent and k12 is B-perpendicular to l1 and l2, k13 is B-perpendicular to
l1 and l3, and k23 is B-perpendicular to l2 and l3. We then define the B-dual solid spread between
lines l1, l2 and l3 to be
DB (l1, l2, l3) ≡ SB (k12, k13, k23) .
Given the definitions of the trigonometric invariants in A3 above, we now proceed to summarise the
relevant results below, which help in simplifying the calculations that we will be doing soon. Proofs
of these results are found in [9], so that we may omit them in this paper.
Theorem 1 (Quadrume theorem) For a tetrahedron A0A1A2A3 in A
3, define Qij ≡ QB (Ai, Aj),
for integers i and j satisfying 0 ≤ i < j ≤ 3. The B-quadrume of the tetrahedron A0A1A2A3 satisfies
VB
(
A0A1A2A3
)
=
1
2
∣∣∣∣∣∣∣
2Q01 Q01 +Q02 −Q12 Q01 +Q03 −Q13
Q01 +Q02 −Q12 2Q02 Q02 +Q03 −Q23
Q01 +Q03 −Q13 Q02 +Q03 −Q23 2Q03
∣∣∣∣∣∣∣ .
Theorem 2 (Quadrea spread theorem) For a triangle A1A2A3 with B-quadrances
Q1 ≡ QB (A2, A3) Q2 ≡ QB (A1, A3) and Q3 ≡ QB (A1, A2)
as well as B-spreads
s1 ≡ sB (A1A2, A1A3) s2 ≡ sB (A1A2, A2A3) and s3 ≡ sB (A1A3, A2A3)
and B-quadrea A ≡ AB
(
A1A2A3
)
, we have that
A = 4Q1Q2s3 = 4Q1Q3s2 = 4Q2Q3s1.
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Theorem 3 (Dihedral spread theorem) Let Π1 be a plane with spanning vectors v and w1, and
Π2 be a plane with spanning vectors v and w2, so that these two planes meet at a line with direction
vector v. Then,
EB (Π1,Π2) =
(detB) [v,w1, w2]
2
B QB (v)
QB (v ×B w1)QB (v ×B w2)
.
Theorem 4 (Solid spread theorem) Suppose three lines l1, l2 and l3 in A
3 meet at a single point
O with respective direction vectors v1, v2 and v3. Furthermore, define the planes
Π12 ≡ (O, v1, v2) , Π13 ≡ (O, v1, v3) and Π23 ≡ (O, v2, v3) .
Then,
SB (l1, l2, l3) = EB (Π12,Π13) sB (l1, l2) sB (l1, l3)
= EB (Π12,Π23) sB (l1, l2) sB (l2, l3)
= EB (Π13,Π23) sB (l1, l3) sB (l2, l3) .
Theorem 5 (Dual solid spread theorem) Suppose three lines l1, l2 and l3 in A
3 meet at a single
point O with respective direction vectors v1, v2 and v3. Furthermore, define the planes
Π12 ≡ (O, v1, v2) , Π13 ≡ (O, v1, v3) and Π23 ≡ (O, v2, v3) .
Then,
DB (l1, l2, l3) = sB (l1, l2)EB (Π12,Π13)EB (Π12,Π23)
= sB (l1, l3)EB (Π12,Π13)EB (Π13,Π23)
= sB (l2, l3)EB (Π12,Π23)EB (Π13,Π23) .
As a result of the Dihedral spread theorem, the Solid spread theorem and the Dual solid spread
theorem, we may deduce the following results for a general tetrahedron. These results, found in [9],
will be stated without proof.
Theorem 6 (Tetrahedron dihedral spread formula) For a tetrahedron A0A1A2A3 with B-quadrances
Qij for 0 ≤ i < j ≤ 3, B-quadreas A012, A013, A023 and A123, and B-quadrume V, the B-dihedral
spread E01 can be expressed as
E01 =
4Q01V
A012A013
.
Theorem 7 (Tetrahedron solid spread formula) For a tetrahedron A0A1A2A3 with B-quadrances
Qij for 0 ≤ i < j ≤ 3 and B-quadrume V, the B-solid spread S0 can be expressed as
S0 =
V
4Q01Q02Q03
.
Theorem 8 (Tetrahedron dual solid spread formula) For a tetrahedron A0A1A2A3 with B-quadreas
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A012, A013, A023 and A123, and B-quadrume V, the B-dual solid spread D0 can be expressed as
D0 =
4V2
A012A013A023
.
3 The Standard tetrahedron
Now, consider an affine map [2, p. 38] which sends a general tetrahedron A0A1A2A3 in A
3 to a special
tetrahedron X0X1X2X3, where
X0 ≡ [0, 0, 0] , X1 ≡ [1, 0, 0] , X2 ≡ [0, 1, 0] and X3 ≡ [0, 0, 1] .
Such a tetrahedron will be called the Standard tetrahedron. This affine map can be defined simply
by translating the point A0 of the general tetrahedron A0A1A2A3 to X0 and then applying a linear
map with matrix representation L to send the other three vertices to X1, X2 and X3. If we equip
its associated vector space V3 with a symmetric bilinear form with matrix representation C then this
affine mapping induces a new symmetric bilinear form, defined by
u ·C v = uCv
T = u
(
LL−1
)
C
(
LL−1
)T
vT
= (uL)
[(
L−1
)
C
(
L−1
)T ]
(vL)T .
Define M ≡ L−1, so that we may set the matrix MCMT to be the matrix
B ≡


a1 b3 b2
b3 a2 b1
b2 b1 a3

 .
Then, we have that
u ·C v = (uL) ·B (vL) .
We use the matrix B to represent the induced symmetric bilinear form so that we may define the
adjugate matrix by
adjB ≡


α1 β3 β2
β3 α2 β1
β2 β1 α3


and make it available to us for future calculations; note that we can express the entries of adjB in
terms of the entries of B itself.
3.1 Trigonometric quantities of the Standard tetrahedron
Given the matrix B and its adjugate adjB, we start by defining the additional quantities
D ≡ α1 + α2 + α3 + 2β1 + 2β2 + 2β3,
r1 ≡ a2 + a3 − 2b1, r2 ≡ a1 + a3 − 2b2, r3 ≡ a1 + a2 − 2b3
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and
∆ ≡ detB = a1a2a3 + 2b1b2b3 − a1b
2
1 − a2b
2
2 − a3b
2
3.
We now proceed to find the B-quadrances of the Standard tetrahedron X0X1X2X3. Suppose
Qij ≡ QB (Xi,Xj) for distinct integers i and j between 0 and 3 with i < j. Then, we have that
Q01 = QB (X0,X1) = QB
(−−−→
X0X1
)
=
(
1 0 0
)
a1 b3 b2
b3 a2 b1
b2 b1 a3




1
0
0

 = a1.
Similarly,
Q02 = a2 and Q03 = a3
and additionally,
Q23 = QB (X2,X3) = QB
(−−−→
X2X3
)
=
(
0 −1 1
)
a1 b3 b2
b3 a2 b1
b2 b1 a3




0
−1
1


= a2 + a3 − 2b1 = r1
as well as
Q13 = r2 and Q12 = r3.
Define the B-quadreas associated to each triangle of the Standard tetrahedron to be
A012 ≡ AB
(
X0X1X2
)
, A013 ≡ AB
(
X0X1X3
)
, A023 ≡ AB
(
X0X2X3
)
and
A123 ≡ AB
(
X1X2X3
)
.
By the definition of the B-quadrea,
A012 = A (Q01, Q02, Q12) = (a1 + a2 + r3)
2 − 2
(
a21 + a
2
2 + r
2
3
)
= 4
(
a1a2 − b
2
3
)
= 4α3
and similarly
A013 = 4α2 and A023 = 4α1.
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Finally, we have that
A123 = A (r1, r2, r3) = (r1 + r2 + r3)
2 − 2
(
r21 + r
2
2 + r
2
3
)
= 4 (a1 + a2 + a3 − b1 − b2 − b3)
2
−2
(
(a2 + a3 − 2b1)
2 + (a1 + a3 − 2b2)
2 + (a1 + a2 − 2b3)
2
)
= 4
[(
a2a3 − b
2
1
)
+
(
a1a3 − b
2
2
)
+
(
a1a2 − b
2
3
)]
+8 [(b1b2 − a3b3) + (b1b3 − a2b2) + (b2b3 − a1b1)]
= 4 (α1 + α2 + α3 + 2β1 + 2β2 + 2β3)
= 4D.
By the Quadrume theorem, the B-quadrume of the Standard tetrahedron X0X1X2X3 is
V ≡ VB
(
X0X1X2X3
)
=
1
2
det


2a1 a1 + a2 − r3 a1 + a3 − r2
a1 + a2 − r3 2a2 a2 + a3 − r1
a1 + a3 − r2 a2 + a3 − r1 2a3


= 4det


a1 b3 b2
b3 a2 b1
b2 b1 a3

 = 4∆.
If si;jk ≡ sB (XiXj,XiXk) for 0 ≤ i ≤ 3 and 0 ≤ j < k ≤ 3 with j and k not equal to i, then by
the Quadrea spread theorem,
s0;12 =
A012
4Q01Q02
=
α3
a1a2
.
Similarly,
s1;02 =
α3
a1r3
and s2;01 =
α3
a2r3
and the remaining B-spreads of the Standard tetrahedron are
s0;13 =
α2
a1a3
, s1;02 =
α2
a1r2
, s2;01 =
α2
a3r2
,
s0;23 =
α1
a2a3
, s2;03 =
α1
a2r1
, s3;02 =
α1
a3r1
,
s1;23 =
D
r2r3
, s2;13 =
D
r1r3
and s3;12 =
D
r1r2
.
Using the Tetrahedron dihedral spread formula,
E01 ≡ EB (X0X1X2,X0X1X3) =
4Q01V
A012A013
=
4a1 (4∆)
(4α2) (4α3)
=
a1∆
α2α3
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and similarly
E02 =
a2∆
α1α3
, E03 =
a3∆
α1α2
,
E23 =
r1∆
α1D
, E13 =
r2∆
α2D
and E12 =
r3∆
α3D
.
If Cij ≡ 1− Eij are the respective B-dihedral crosses of the Standard tetrahedron, then
C01 = 1−
a1∆
α2α3
=
(
a1a3 − b
2
2
) (
a1a2 − b
2
3
)
− a1
(
a1a2a3 + 2b1b2b3 − a1b
2
1 − a2b
2
2 − a3b
2
3
)
α2α3
=
(a1b1 − b2b3)
2
α2α3
=
β21
α2α3
and similarly
C02 =
β22
α1α3
, C03 =
β23
α1α2
,
C23 =
(α1 + β2 + β3)
2
α1D
, C13 =
(α2 + β1 + β3)
2
α2D
and C12 =
(α3 + β1 + β2)
2
α3D
.
Using the Tetrahedron solid spread formula, the B-solid spread S0 ≡ SB (X0X1,X0X2,X0X3) is
S0 =
V
4Q01Q02Q03
=
∆
a1a2a3
.
and similarly
S1 =
∆
a1r2r3
, S2 =
∆
a2r1r3
and S3 =
∆
a3r1r2
.
Finally, by the Tetrahedron dual solid spread formula, we have
D0 ≡ DB (X0X1,X0X2,X0X3) =
∆2
α1α2α3
and similarly
D1 =
∆2
α2α3D
, D2 =
∆2
α1α3D
and D3 =
∆2
α1α2D
.
4 Applications of the Standard tetrahedron
As we are replacing the study of a general triangle over a specific quadratic form with the study of
a specific triangle over a general quadratic form, it may also be said that by proving a statement for
the Standard tetrahedron we instantly have the result for a general tetrahedron, as the affine map
preserves relationships between trigonometric invariants; therefore, it is often convenient, as will be
shown soon, to prove complicated results by showing that it holds for the Standard tetrahedron in
particular.
We now use the Standard tetrahedron to prove two such complicated results: the Tetrahedron
cross law and the Dihedral cross relation.
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4.1 Tetrahedron cross law
The relationship between the B-quadreas associated to the triangles of a general tetrahedron has been
a study of interest for a long while, dating back to [10] on the trigonometry of the tetrahedron in the
classical framework. The Dual solid spread ratio theorem [9] gave us the fact that the ratio of the
B-quadreas to the B-dual solid spreads is constant; inspired by this, we aim to derive an algebraic
relationship between the B-quadreas of a tetrahedron.
While no direct relationship exists, we may derive a relationship by involving the three B-dihedral
crosses of a tetrahedron which emanate from one of its points. Proven in the classical case in [7], we
now extend this over a general metrical framework over an arbitrary field.
Theorem 9 (Tetrahedron cross law) Take a tetrahedron A0A1A2A3 with B-quadreas
A012 ≡ AB
(
A0A1A2
)
, A013 ≡ AB
(
A0A1A3
)
,
A023 ≡ AB
(
A0A2A3
)
and A123 ≡ AB
(
A1A2A3
)
and B-dihedral crosses
C01 ≡ CB (A0A1A2, A0A1A3) , C02 ≡ CB (A0A1A2, A0A2A3) and C03 ≡ CB (A0A1A3, A0A2A3) .
If
T (a, b, c, d, x, y, z) ≡
( (
(a+ b+ c− d)2 − 4(abx+ acy + bcz)
)2
−64abc(axy + bxz + cyz)
)2
− 4096a2b2c2xyz(a+ b+ c− d)2
then we have that
T (A012,A013,A023,A123, C01, C02, C03) = 0.
Proof. Start with the Standard tetrahedron X0X1X2X3, so that
A012 = 4α3, A013 = 4α2, A023 = 4α1 and A123 = 4D
as well as
C01 =
β21
α2α3
, C02 =
β22
α1α3
and C03 =
β23
α1α2
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from our earlier calculations. We then have that
T (A012,A013,A023,A123, C01, C02, C03)
= 216
[[
(α1 + α2 + α3 −D)
2 − 4
(
β21 + β
2
2 + β
2
3
)]2
− 64
(
β21β
2
2 + β
2
1β
2
3 + β
2
2β
2
3
)]2
−228β21β
2
2β
2
3 (α1 + α2 + α3 −D)
2
= 216


[[
4 (β1 + β2 + β3)
2 − 4
(
β21 + β
2
2 + β
2
3
)]2
− 64
(
β21β
2
2 + β
2
1β
2
3 + β
2
2β
2
3
)]2
−214β21β
2
2β
2
3 (β1 + β2 + β3)
2


= 216
[
214β21β
2
2β
2
3 (β1 + β2 + β3)
2 − 214β21β
2
2β
2
3 (β1 + β2 + β3)
2
]
= 0
as required.
Note that three similar relations can be obtained by permuting the indices. We now present a
novel result (as a corollary) which can give us a reformulation of the Tetrahedron cross law in terms
of the dual solid spreads instead of the quadreas. Here, we will define
K ≡
A012A013A023A123
16V2
to be the Richardson number of a tetrahedron A0A1A2A3 with B-quadreas A012, A013, A023 and
A123, and B-quadrume V (see [9] and [10]).
Corollary 10 For a general tetrahedron A0A1A2A3 with B-quadreas A012, A013, A023 and A123, B-
dihedral crosses C01, C02 and C03, Richardson number K and B-dual solid spreads D0, D1, D2 and
D3, we have that
T (A012,A013,A023,A123, C01, C02, C03) = (4K)
8 × T (D3,D2,D1,D0, C01, C02, C03) .
Proof. We take the reciprocal of each equality of the Tetrahedron dual solid spread theorem and use
the Richardson number to get
A123
D0
=
A023
D1
=
A013
D2
=
A012
D3
= 4K.
From this, we obtain
T (A012,A013,A023,A123, C01, C02, C03)
= T (4KD3, 4KD2, 4KD1, 4KD0, C01, C02, C03)
= (4K)8




[
(D1 +D2 +D3 −D0)
2 − 4 (D2D3C01 +D1D3C02 +D1D2C03)
]2
−64D1D2D3 (D3C01C02 +D2C01C03 +D1C02C03)


2
−4096D1D2D3C01C02C03 (D1 +D2 +D3 −D0)
2


= (4K)8 × T (D3,D2,D1,D0, C01, C02, C03) ,
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as required.
As a result of this corollary, we can replace the B-quadreas in the Tetrahedron cross law with the
oppposing B-dual solid spreads, so that the Tetrahedron cross law holds for B-dual solid spreads also.
Also note that by permuting the indices we obtain three similar relations to the above result.
4.2 Dihedral cross relation
In this section, we investigate the relationship between the six B-dihedral crosses of a general tetrahe-
dron. While introduced classically in [10], a rational version was proposed without proof in [18]. We
now present this result with proof.
Theorem 11 (Dihedral cross relation) For the tetrahedron A0A1A2A3 with B-dihedral crosses
C01 ≡ CB (A0A1A2, A0A1A3) , C23 ≡ CB (A0A2A3, A1A2A3) ,
C02 ≡ CB (A0A1A2, A0A2A3) , C13 ≡ CB (A0A1A3, A1A2A3) ,
C03 ≡ CB (A0A1A3, A0A2A3) and C12 ≡ CB (A0A1A2, A1A2A3)
define the variables
X ≡ C01C23, Y ≡ C02C13, Z ≡ C03C12,
x ≡ C01 + C23, y ≡ C02 + C13, z ≡ C03 + C12,
W ≡ C01C02C03 + C01C12C13 + C02C12C23 + C03C13C23,
P ≡
1
2
(1− x− y − z +X + Y + Z) ,
R ≡ P + z − Z, S ≡ P + y − Y, T ≡ P + x−X,
U ≡
1
2
(
P 2 −W +XY +XZ + Y Z
)
and
V ≡
1
2
(
U2 −XY R2 −XZS2 − Y ZT 2
)
.
Then, we have that
V 2 = XY Z
(
XR2S2 + Y R2T 2 + ZS2T 2 + 2RSTU
)
.
Proof. Given the B-dihedral crosses of the Standard tetrahedron X0X1X2X3 that we have computed
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earlier, we can use a computer to obtain
V 2 =
β21β
2
2β
2
3
α81α
8
2α
8
3D
8
(det (adjB))2 (α1 + β2 + β3)
2 (α2 + β1 + β3)
2 (α3 + β1 + β2)
2
×


2β1β2β3 (β1β2 + β1β3 + β2β3) (α1α2 + α1α3 + α2α3)
+2β1β2β3
(
α1β
3
1 + α2β
3
2 + α3β
3
3
)
−
(
α21β
5
1 + α
2
2β
5
2 + α
2
3β
5
3
)
−4α1α2α3β1β2β3 (β1 + β2 + β3)− α1
(
α22β
4
2 + α
2
3β
4
3 − β
4
1
(
β22 + β
2
3
))
−α2
(
α21β
4
1 + α
2
3β
4
3 − β
4
2
(
β21 + β
2
3
))
− α3
(
α21β
4
1 + α
2
2β
4
2 − β
4
3
(
β21 + β
2
2
))
−α1α2α3
(
α1α2 (β1 + β2)
2 + α1α3 (β1 + β3)
2 + α2α3 (β2 + β3)
2
)
−2α1α2α3
(
β21β
2
2 + β
2
1β
2
3 + β
2
2β
2
3
)
− α21β1
(
α22α
2
3 + α
2
2β
2
2 + α
2
3β
2
3
)
−α22β2
(
α21α
2
3 + α
2
1β
2
1 + α
2
3β
2
3
)
− α23β3
(
α21α
2
2 + α
2
1β
2
1 + α
2
2β
2
2
)
−β1β2β3
(
β1β2
(
β21 + β
2
2 − 2β
2
3
)
+ β1β3
(
β21 − 2β
2
2 + β
2
3
)
+ β2β3
(
−2β21 + β
2
2 + β
2
3
))


2
= XY Z
(
XR2S2 + Y R2T 2 + ZS2T 2 + 2RSTU
)
.
and thus our required result is proven.
Note that if we are given any five of the six B-dihedral crosses then the remaining B-dihedral cross
can be found by finding the zero of a degree 8 polynomial, which is usually not possible.
5 Further directions
The use of standardised co-ordinates provides many opportunities for further study into tetrahedron
geometry. Notably, one may take inspiration from [5] and [6], where the authors studied triangle centers
over a general metrical framework through the use of the Standard triangle, to study tetrahedron
centres over a general metrical framework through the use of the Standard tetrahedron. This may
significantly aid in simplifying computations by consideration of a specific tetrahedron over a general
bilinear form, where the co-ordinates of the points are already available; the amount of variables that
will be considered is then significantly reduced.
In addition to a more geometric direction, we could also consider standardised co-ordinates to
simplify the story of projective rational trigonometry (see [8] for a brief introduction) and to generalise
the story of affine rational trigonometry to simplices in higher-dimensional affine spaces with higher-
dimensional associated inner product spaces over arbitrary fields. Finally, an approach involving
geometric algebra, specifically exterior (Grassmann) algebras and Clifford algebras, may be taken to
obtain a dimension-free and coordinate-free framework for affine rational trigonometry (and perhaps
projective too).
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